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Using a theorem of Kadets, we construct on an arbitrary inﬁnite dimensional Banach
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1. Introduction
Every graduate student learns that if 〈 fn〉 is a sequence of continuous real-valued functions deﬁned on a metric space
X that converges uniformly on compact subsets of X to a function f , then f is continuous. It is hoped that the student
will not ask what happens if X is a general topological space, but if this occurs, and if the instructor has some background
in function spaces, the student will likely be told that if X is a so-called k-space, then all is well, but otherwise the limit
need not be continuous. This is not exactly a satisfying response, as the student deserves to see an example of a badly
behaved sequence deﬁned on some reasonably familiar topological space. The intent of this note is to construct such a
sequence when X is an inﬁnite dimensional Banach space equipped with the weak topology σ(X, X∗), where X∗ is the
continuous dual of X . Our construction is based on the separation theorem and the following result of Kadets [6]: each
inﬁnite dimensional Banach space admits a sequence 〈xn〉 with limn→∞ ‖xn‖ = ∞ that nevertheless weakly clusters.
Let X be a Hausdorff topological space and let K (X) be its nonempty compact subsets. We denote the real-valued
functions on X by RX and the continuous real-valued functions on X by C(X,R). The topology τK of uniform convergence
on compact subsets of X for RX is induced by the separated uniformity on RX whose basic entourages are of the form
[K ;ε] := {( f , g): ∀x ∈ K , ∣∣ f (x) − g(x)∣∣< ε} (K ∈K (X), ε > 0).
To say that a sequence or net in RX converges uniformly on compacta means that it converges in this topology, and to
say that each net in C(X,R) so convergent has its limit back in C(X,R) is to say that C(X,R) is τK -closed. Evidently
this uniformity on RX is complete, so that the trace of the uniformity on C(X,R) is complete if and only if the continuous
functions are τK -closed. Now there are well-known necessary and suﬃcient conditions for this to occur that we can state
(see, e.g., [7,11]).
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(1) C(X,R) is τK -closed;
(2) whenever f ∈RX and ∀K ∈K (X), we have f |K ∈ C(K ,R), then f ∈ C(X,R).
Condition (2) may be stated in this equivalent form: whenever f : X →R satisﬁes
(♥) ∀K ∈K (X) ∀closed subset E of R, f −1(E) ∩ K is relatively closed in K ,
then for each closed subset E of R, f −1(E) is closed in X .
Recall that a Hausdorff space X is called a k-space or a compactly generated space [4,12] if whenever the trace of E ⊆ X
on each compact set K is relatively closed in K , then E is closed in X . With our reformulation in mind, it is clear that each
k-space satisﬁes condition (2) of Theorem 1.1, but the converse fails [8].
Now sequences determine the function space topology provided τK is metrizable, which as ﬁrst noticed by Arens [1],
occurs if K (X) contains a coﬁnal sequence 〈Kn〉 with respect to inclusion, for then {[Kn, 1j ]: n ∈ N, j ∈ N} is a countable
base for the uniformity [12, p. 257]. The existence of such a coﬁnal sequence of compacta is called hemicompactness [4,7,12].
Thus, in this setting we may restate the last result as follows.
Theorem 1.2. Let X be a Tychonoff hemicompact space. The following conditions are equivalent:
(1) whenever 〈 fn〉 is a sequence in C(X,R) uniformly convergent on compacta to f ∈RX , then f ∈ C(X,R);
(2) whenever f ∈RX and ∀K ∈K (X), we have f |K ∈ C(K ,R), then f ∈ C(X,R).
We will show that if X is hemicompact and admits a sequence 〈xn〉 that eventually lies outside each compact subset
yet 〈xn〉 has a cluster point in X , then we can construct a sequence of continuous real-valued functions on X for which
conditions (1) and (2) of the last result fail. In the reﬂexive setting, this fact in conjunction with the Kadets result provides
an alternative explanation for the existence of a sequence of weakly continuous functions uniformly convergent on weak
compacta to a discontinuous limit.
2. Preliminaries
Let 〈xn〉 be a sequence in a Hausdorff space X . We say p ∈ X is a cluster point of 〈xn〉 if for each n ∈ N and each
neighborhood V of p there exists j  n with x j ∈ V . When X is ﬁrst countable, we can then ﬁnd a subsequence of 〈xn〉
convergent to p; without ﬁrst countability, this may fail. We will say that 〈xn〉 is convergent to inﬁnity provided for each
compact subset K , we have xn /∈ K eventually. If X admits such a sequence, then X cannot be compact. If X admits such a
sequence that in addition clusters, then evidently X cannot be ﬁrst countable.
We denote the closed unit ball of a real Banach space X by U X . The weak topology σ(X, X∗) on X induced by X∗
is a Hausdorff locally convex topology, and as such is uniformizable in a natural way, and thus the topology is Tychonoff
[12, p. 256]; for a different rationale, see [3, p. 10]. A Banach space X is called reﬂexive if the isometric embedding x → xˆ
from X to X∗∗ deﬁned by xˆ( f ) = f (x) ( f ∈ X∗) is onto. There are numerous characterizations of reﬂexivity, but we will
only use this one [5]: UX is σ(X, X∗)-compact (necessity follows from Alaoglu’s theorem, as X is the dual of X∗). Since
by the Uniform Boundedness Principle, weakly compact subsets are norm bounded, a subset K of a reﬂexive space X is
σ(X, X∗)-compact if and only if it is σ(X, X∗)-closed and norm bounded. As a result, the weakly compact subsets have a
countable coﬁnal subfamily, namely {nU X : n ∈ N}, and so a reﬂexive X equipped with the weak topology is a Tychonoff
hemicompact space.
3. Results
Our ﬁrst result, which is purely topological, gives in a particular setting a procedure for constructing a sequence of
continuous functions uniformly convergent on compact subsets to a discontinuous limit.
Theorem 3.1. Let X be a Tychonoff hemicompact space containing a sequence 〈x j〉 convergent to inﬁnity that nevertheless clusters.
Then there exists a sequence 〈 fn〉 in C(X,R) that is τK -convergent to a discontinuous limit.
Proof. By hemicompactness of X , each open cover of X has a countable open subcover; this combined with the Tychonoff
separation axiom yields normality of X [12, p. 111]. We now turn to the construction.
Suppose 〈x j〉 is eventually outside each compact subset and p is a cluster point of the sequence. By hemicompactness
and the fact that X cannot be compact, we can ﬁnd a strictly increasing sequence of compacta 〈Kn〉 such that p ∈ K1 and
〈Kn〉 is coﬁnal in K (X). For each n ∈N, put En := {x j: j ∈N} ∩ (Kn+1\Kn); by convergence to inﬁnity, each En is ﬁnite.
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E1 →R by
g2(x) =
{
0 if x ∈ K1,
1 if x ∈ E1.
By the Tietze extension theorem [4,12] which is characteristic of normality, we can extend g2 to (a bounded) f2 ∈ C(X,R).
Notice that f2|K1 = f1|K1.
Suppose we have deﬁned f1, f2, . . . , fn in C(X,R) such that for 2  i  n, we have (1) f i |Ki−1 = f i−1|Ki−1, and
(2) f i(x) = i − 1 if x ∈ Ei−1. Since En ∪ Kn is compact, we can continuously extend gn+1 deﬁned by
gn+1(x) =
{
fn(x) if x ∈ Kn,
n if x ∈ En,
to a globally continuous function fn+1. Clearly, we have fn+1|Kn = gn+1|Kn = fn|Kn and (2) ∀x ∈ En , fn+1(x) = n. By con-
struction, f ∈RX deﬁned by f (x) = fn(x) if x ∈ Kn is well deﬁned. Evidently, 〈 fn〉 is uniformly convergent to f on each Kn ,
for whenever i > n we have f i |Kn = fn|Kn . By the coﬁnality of {Kn: n ∈ N}, the sequence is uniformly convergent on
compacta to f . However, f is not continuous at p as f (p) = 0 while limn→∞ f (xn) = ∞.
We note that condition (2) of Theorem 1.2 clearly fails for f , because whenever K is compact, there exists n ∈ N with
K ⊆ Kn , and so f |K = fn|K . 
Theorem 3.1 remains valid if X is merely assumed to be functionally Hausdorff : whenever x1 and x2 are distinct points
of X , there exists f ∈ C(X,R) with f (x1) = f (x2). In lieu of the Tietze theorem employed in its proof, one uses the following
extension property that is characteristic of such spaces: whenever A ∈K (X) and f ∈ C(A, [a,b]), ∃ fˆ ∈ C(X, [a,b]) with
fˆ |A = f . With this extension property in mind, the proof of Theorem 1.1 given in [7, Theorem 5.1.1] makes it clear as well
that Theorem 1.1 remains valid when X is only assumed functionally Hausdorff.
We apply Theorem 3.1 when X is a reﬂexive Banach space equipped with σ(X, X∗). The key ingredient is the following
counter-intuitive result of Kadets [6], given that a weakly convergent sequence must be norm bounded.
Theorem 3.2. Let X be an inﬁnite dimensional Banach space and let 〈cn〉 be a positive real sequence such that limn→∞ cn = ∞ and∑∞
n=1 1c2n diverges. Then there exists a sequence 〈xn〉 in X such that ∀n, ‖xn‖ = cn for which 0 is a weak cluster point.
Notice that when cn = √n we can ﬁnd such a sequence 〈xn〉, giving a sequence convergent to inﬁnity with respect
to σ(X, X∗) as we have deﬁned it, yet having the origin as a weak cluster point. Obviously, no subsequence can weakly
converge to 0, as any weakly convergent sequence is norm bounded. On the hand, if cn = n2, the Kadets result does not
apply, and in fact as shown by Shakarin [10], no such sequence can be found. Kadets’ proof was nonconstructive, but
recently, Aron, García and Maestre [2] have exhibited a direct procedure to obtain 〈xn〉.
The Kadets result brings up an interesting linguistic conundrum. No inﬁnite dimensional Banach space equipped with
the weak topology can be weakly compactly generated in the way that a topologist would understand this descriptor.
To see this, let E be the set of terms of a Kadets sequence in X . As each weakly compact subset K is norm bounded,
we have K ∩ E ﬁnite, ergo weakly relatively closed in K , while E is clearly not weakly closed. On the other hand, re-
ﬂexive Banach spaces most certainly are weakly compactly generated with respect to a different agreed-upon meaning of
“weakly compactly generated” among geometric functional analysts [9, p. 38]! Still, it is well known that in the case of
a reﬂexive Banach space, a convex set is weakly closed if its intersection with each weakly compact set is weakly closed
[5, p. 154].
As noted in the last section, the weak topology on a reﬂexive space is hemicompact, and the weak topology on any
normed linear space is Tychonoff. Thus, we may ﬁnally state the result we are after as a corollary to Theorem 3.1 and the
Kadets result.
Corollary 3.3. Let X be an inﬁnite dimensional reﬂexive Banach space equipped with the topology σ(X, X∗). Then there is a sequence
of weakly continuous real functions on X convergent uniformly on weakly compact subsets to a limit that fails to be weakly continuous.
In view of the techniques presented in [2], such a sequence of functions can be fully constructed.
It is clear that our approach is not applicable outside the reﬂexive setting, for if 〈Kn〉 were a coﬁnal sequence of weak
compacta in a Banach space X , then by Baire’s theorem, ∃n ∈ N, ∃x0 ∈ X , ∃α > 0 with x0 + αUX ⊆ Kn , and since closed
convex sets are weakly closed, x0 + αUX is weakly compact. In short, hemicompactness – in fact, sigma compactness – of
the weak topology characterizes reﬂexivity.
To produce a bad sequence of weakly continuous functions on a general inﬁnite dimensional Banach space, we rely
instead on the separation theorem [5].
Theorem 3.4. Let X be an inﬁnite dimensional Banach space equipped with the topology σ(X, X∗). Then there is a sequence of weakly
continuous real functions on X convergent uniformly on weakly compact subsets to a limit that fails to be weakly continuous.
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reals such that ∀n ∈N, ρ1 < ‖xn‖, and ∀ j ∈N, (ρ j+1UX\ρ jU X ) ∩ E = ∅.
We ﬁrst construct for each j ∈N, a weakly continuous h j : X → [0,∞) such that
(1) ∀x ∈ ρ jU X , h j(x) = 0;
(2) ∀x ∈ (ρ j+1UX\ρ jU X ) ∩ E , h j(x) j.
Enumerate (ρ j+1UX\ρ jU X ) ∩ E as {e1, e2, . . . , ek j }, and by the separation theorem, choose for 1  i  k j an x∗i ∈ X∗ with
sup{x∗i (x): ‖x‖ ρ j} < x∗i (ei). For each i  k j , we can ﬁnd scalars αi and βi such that αi x∗i (ei) + βi = j and
sup
{
αi x
∗
i (x) + βi: ‖x‖ ρ j
}
< 0.
Then h j := max{0,α1x∗1 + β1,α2x∗2 + β2, . . . ,αk j x∗k j + βk j } does the job.
We now are ready to describe our bad sequence of weakly continuous functions: ∀n ∈N, let fn = h1 +h2 + · · ·hn . By (1),
∀ j ∈N, ∀n > j, we have fn|ρ jU X = f j |ρ jU X , and so 〈 fn〉 converges uniformly on each ball ρ jU X . Since lim j→∞ ρ j = ∞, the
convergence is uniform on each norm bounded subset and thus uniform on each weakly compact subset to some f ∈ RX .
By (2), f (xn) j whenever ‖xn‖ > ρ j , so f fails to be weakly continuous at the origin. 
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